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Necessary and sufficient conditions are obtained so that every solution of
Ž Ž . Ž . Ž .. Ž . Ž Ž .. Ž .y t  p t y t  Q t G y t   f t is oscillatory or tends to zero or
Ž .to  as t . The problem is considered in various ranges for p t .  2001
Academic Press
1
In this paper, necessary and sufficient conditions are obtained such that
every solution of

1 y t  p t y t  Q t G y t   f tŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
Ž .is oscillatory or tends to zero as t . We assume that G C R, R ,
Ž . Ž .  .. Ž . .xG x  0 for x 0,  0,  0, Q C 0, , 0, , f C 0, , R
1Ž . . Ž . Ž .and there exists F C 0, , R such that F t  f t . Suppose that
Ž . Ž .H G is nondecreasing and lim F t exists.1 t
Ž . . Ž . Ž .Various ranges for p C 0, , R are considered viz., i 0	 p t 	 p1
Ž . Ž . Ž . Ž . Ž . 1, ii 1p 	 p t 	 0, iii p 	 p t 	p 1, and iv2 4 3
Ž .1 p 	 p t 	 p , where p , 1	 i	 6, is a positive real number. Section5 6 i
Ž .2 is devoted to the study of Eq. 1 and in Section 3 we consider

2 y t  p t y t  Q t G y t   f t .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .
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In the literature, there are few results concerning necessary and suffi-
Ž . Ž .cient conditions for oscillation of all solutions of 1 where f t  0 and
Ž  
.the coefficient functions are not real constants see 2, 6 . The oscillatory
behaviour of homogeneous equations with constant coefficients is usually
characterized by the nonexistence of real roots of the associated character-
 
  
istic equations 3, 4 . In a recent paper 2 , Das and Misra have studied Eq.
Ž . Ž . Ž .1 where p t  p, 0	 p 1, f t  0, and G satisfies the generalized
sublinear condition, viz.,
dtK
 H G tŽ .0
for every positive constant K. Their method has made the proof unneces-
sarily complicated and does not allow f 0 and G to be superlinear. Thus
their result is applicable to only strictly nonhomogeneous equations. How-
ever, our results hold for both forced and unforced equations and allow G
to be linear or sublinear or superlinear. This is possible due to repeated
 
 Ž .use of Lemma 1.5.2 in 3 . In the present work f t is allowed to change
Ž .  
sign or f t could be  0. In an earlier work 6 , we considered this
Ž . Ž .  
problem in the restricted sense with p t  p and f t  0. In 1, 5 , the
Ž . Ž .authors have considered Eq. 1 with G u  u and f 0.
Ž .  . ŽBy a solution of 1 on T , , T 0 we mean a function y C T
. . Ž . Ž . Ž .r, , R such that y t  p t y t  is continuously differentiable and
Ž .  4Eq. 1 is satisfied identically for t T , where rmax  ,  and T
Ž .depends on y. Such a solution of 1 is said to be oscillatory if it has
arbitrarily large zeros; otherwise, it is called nonoscillatory.
2
This section contains our main results. We need the following lemma
Ž  
.Lemma 1.5.2 of 3 for our work in the sequel.
   .LEMMA 2.1. Let F , G , p : 0,  R be such that
F t G t  p t G t c , t c.Ž . Ž . Ž . Ž .
Ž .where c 0. Suppose that p t is in one of the following ranges:
i 0	 p t 	 p , ii 1p 	 p t 	 0,Ž . Ž . Ž . Ž .1 2
iii p 	 p t 	p 1,Ž . Ž .4 3
 Ž .where p , 1	 i	 4, is a positie real number. If G t  0 for t 0,i
 Ž .  Ž .lim inf G t  0 and lim F t  L R exists, then L 0.t t
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Ž .  Ž .Remark. i If, in the above lemma, G t  0 for t  0,
 Ž .  Ž .lim sup G t  0 and lim F t  L R exists, then L 0.t t
Ž . Ž .ii We may note that lim F t exists if and only ift

f t dt  .Ž .H
0
Ž . Ž .THEOREM 2.2. Let 0	 p t 	 p  1 and H hold. Eery solution of1 1
Ž .1 oscillates or tends to zero as t  if and only if
Ž .  Ž .H H Q t dt .2 0
Ž . Ž . Ž .  .Proof. Suppose that H holds. Let y t be a solution of 1 on T , ,2 y
Ž . Ž .T  0. If y t is oscillatory, then we have nothing to prove. Let y t bey
Ž .nonoscillatory. Then we are required to show that lim y t  0. Theret
Ž . Ž .exists T  T such that y t  0 or  0 for t T . Let y t  0 for0 y 0
t T . Setting0
3 z t  y t  p t y t Ž . Ž . Ž . Ž . Ž .
and
4 w t  z t  F tŽ . Ž . Ž . Ž .
for t T   , we obtain0
5 w t Q t G y t   0.Ž . Ž . Ž . Ž .Ž .
Ž . Ž .Then w t  0 or 	 0 for t T  T   . Let w t  0 for t T . We1 0 1
Ž . ² :claim that y t is bounded. If not, then there exists a sequence t suchn
Ž . Ž .  Ž . 4that t  , y t  as n  and y t min y s : T 	 s	 t .n n n 1 n
We may choose n sufficiently large such that t   T . Thenn 1
w t  y t  p t y t    F tŽ . Ž . Ž . Ž . Ž .n n n n n
	 1 p y t  F tŽ . Ž . Ž .1 n n
Ž . Ž .implies that w t  0 for large n, a contradiction to the fact that w t  0,n
Ž . Ž .t T . Thus y t is bounded and hence w t is bounded. Consequently,1
Ž . Ž . Ž .lim w t exists. If w t 	 0 for t T , then lim w t exists. In thist 1 t
Ž . Ž .case also y t is bounded, because if y t is unbounded, then proceeding
Ž .as above we obtain lim w t , a contradiction. Hence each ofn n
Ž . Ž . Ž .lim z t and lim sup y t exists in both the cases w t  0 or 	0t t
Ž . Ž .for t T . We claim that lim sup y t  0. If not, then y t   01 t
for t T  T . Hence, for T  T   ,2 1 3 2
t t
Q s G y s  dsG  Q s dsŽ . Ž . Ž . Ž .Ž .H H
T T3 3
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implies that

Q t G y t  dtŽ . Ž .Ž .H
T3
Ž . Ž .due to H . On the other hand, 5 yields2

Q t G y t  dt,Ž . Ž .Ž .H
T3
a contradiction. Thus our claim holds. From Lemma 2.1 it follows that
Ž . Ž .lim z t  0. Since y t is bounded, thent
0 lim z t  lim inf y t  p t y t Ž . Ž . Ž . Ž .
t t
	 lim inf y t  p y t Ž . Ž .1
t
	 lim inf y t  lim sup p y t Ž . Ž .1
t t
 lim inf y t  p lim inf y t Ž . Ž .1
t t
 1 p lim inf y tŽ . Ž .1
t
Ž . Ž .implies that lim inf y t  0. Thus lim y t  0. Next suppose thatt t
Ž . Ž . Ž .y t  0 for t T . Hence w t 	 0 for t T   . Then w t  0 or0 0
Ž . Ž .	 0 for t T  T   . Let w t  0, t T . Thus lim w t exists. If1 0 1 t
Ž . ² :y t is unbounded, then there exists a sequence t such that t  ,n n
Ž . Ž .  Ž . 4y t   as n  and y t max y s : T 	 s	 t . Thusn n 1 n
w t  y t  p t y t    F tŽ . Ž . Ž . Ž . Ž .n n n n n
 1 p y t  F tŽ . Ž . Ž .1 n n
Ž . Ž .yields lim w t  , a contradiction. Hence y t is bounded. Similarly,n n
Ž . Ž . Ž .it may be shown that y t is bounded when w t 	 0 for t T . Then w t1
Ž .is bounded and hence lim w t exists. Hence in both cases each oft
Ž . Ž . Ž . Ž .lim z t and lim inf y t exists. If lim inf y t  0, then y t t t t
 0 for t T  T . Hence2 1
t t
Q s G y s  dsG  Q s ds,Ž . Ž . Ž . Ž .Ž .H H
T T3 3
where T  T implies that3 2

Q t G y t  dt Ž . Ž .Ž .H
T3
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Ž . Ž .due to H . However, from 5 one obtains2

Q t G y t  dt ,Ž . Ž .Ž .H
T3
Ž .a contradiction. Thus lim inf y t  0. Consequently, Lemma 2.1 yieldst
Ž . Ž .lim z t  0. Since y t is bounded, thent
0 lim z t  lim sup y t  p t y t Ž . Ž . Ž . Ž .
t t
 lim sup y t  p y t Ž . Ž .1
t
 lim sup y t  lim inf p y t Ž . Ž .1
tt
 1 p lim sup y tŽ . Ž .1
t
Ž . Ž .implies that lim sup y t  0 and hence lim y t  0. Thus thet t
sufficiency part of the theorem is proved.
Ž .In order to prove that the condition H is necessary, we assume that2

6 Q t dt ,Ž . Ž .H
0
Ž .and show that Eq. 1 admits a positive solution which does not tend to
zero as t  when the limit exists. There exist t , t  0 such that1 2
 1 p1
G 1 Q t dtŽ . Ž .H 5t1
 Ž .  Ž . Ž .and F t M  1 p 10 for t t , where lim F t M. For1 2 t
 4 Ž . .t max t , t , we set X BC t , , R , the space of real-valued3 1 2 3
 .bounded continuous functions on t , . Clearly, X is a Banach space with3
 Ž . 4respect to ‘‘supremum’’ norm. Let K x X : x t  0, t t . Thus X3
Ž 
.is a partially ordered Banach space 3, see p. 30 . For u,   X, we define
u	 if and only if   u K. Let
1 p1
S u X : 	 u t 	 1 .Ž .½ 510
Ž . Ž .If u t  1 p 10, t t , then u  S and u  glb S. Further, if0 1 3 0 0
 S S, then
1 p1S  u X : 	 u t 	 	 , 	 , 		 1 .Ž .½ 510
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Ž .  Ž . 4Let  t  	 , t t , where 	  sup 	 : 1 p 10	 		 1 . Then0 0 3 0 1
  4  S and   lub S . For t  t  r, where rmax  ,  , define0 0 4 3
T : S S by
  
Ty t , t t , tŽ .4 3 4

p t y t   Q s G y s  dsŽ . Ž . Ž . Ž .Ž .HTy t Ž . t
1 p1 F t M  , t t .Ž .Ž . 45
 .Thus Ty is a real-valued continuous function on t , for every y S,3
 1 p 1 p1 1
Ty t  p G 1 Q s ds Ž . Ž . Ž .H1 10 5t
 1 p 1 p1 1
 p G 1 Q s ds Ž . Ž .H1 10 5t1
2 1 p 1 pŽ .1 1
 p    1,1 5 10
and
1 p 1 p 1 p 1 p1 1 1 1
Ty t  F t M    Ž . Ž .Ž .
5 10 5 10
for t t . Hence Ty S for every y S. Since y 	 y for y , y  S3 1 2 1 2
implies that Ty 	 Ty , then T has a fixed point y  S by the1 2 0
Ž  
.KnasterTarski fixed-point theorem see 3, Theorem 1.7.3 . Hence y is a0
Ž .  . Ž .positive solution of 1 on t , such that lim inf y t  0. Thus the4 t 0
theorem is proved.
Ž . Ž .THEOREM 2.3. If either 1p 	 p t 	 0 or p 	 p t 	p2 4 3
Ž . Ž . Ž .1 and H and H hold, then eery solution of 1 oscillates or tends1 2
to zero as t .
The proof is similar to the sufficiency part of Theorem 2.2 and hence is
omitted.
Ž . Ž . Ž .THEOREM 2.4. If 1 p 	 p t 	 p and H and H hold, then5 6 1 2
Ž .eery bounded solution of 1 oscillates or tends to zero as t .
Ž . Ž .  .Proof. Let y t be a bounded nonoscillatory solution of 1 on T , ,y
Ž .T  0. If y t  0 for t t  T , then proceeding as in the sufficiencyy 0 y
Ž . Ž .part of Theorem 2.2 we obtain lim sup y t  0 and hence lim z tt t
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 0 by Lemma 2.1. Thus
0 lim z t  lim sup y t  p t y t Ž . Ž . Ž . Ž .
t t
 lim sup y t  p y t Ž . Ž .5
t
 lim inf y t  lim sup p y t Ž . Ž .5
t t
 1 p lim inf y tŽ . Ž .5
t
Ž . Ž . Ž .implies that lim inf y t  0 and hence lim y t  0. If y t  0t t
Ž . Ž .for t t  T , then lim inf y t  0 and hence lim z t  0. Since0 y t t
0 lim z t  lim inf y t  p t y t Ž . Ž . Ž . Ž .
t t
	 lim inf y t  p y t Ž . Ž .5
t
	 lim sup y t  lim inf p y t Ž . Ž .5
tt
 1 p lim sup y tŽ . Ž .5
t
Ž . Ž .then lim sup y t  0 and hence lim y t  0. Thus the theorem ist t
proved.
Ž . Ž .THEOREM 2.5. Suppose that 1 p 	 p t 	 p and H holds. Let5 6 1
Ž .H hold, where3
Ž .  4 Ž .H for eery sequence   0, with    as i  and3 i i

 0,
 
i
Q t dt .Ž .Ý H

ii0
Ž .Then eery solution of 1 oscillates or tends to zero or tends to  as t .
Ž . Ž .  .Proof. Let y t be a nonoscillatory solution of 1 on T , , T  0.y y
Ž .Hence there exists T  T such that y t  0 or  0 for t T . We set0 y 0
Ž . Ž . Ž . Ž . Ž .z t and w t as in 3 and 4 , respectively, for t T   . Let y t  00
for t T . Then0
7 w t Q t G y t  	 0Ž . Ž . Ž . Ž .Ž .
Ž . Ž .for t T   . Hence w t  0 or 	 0 for t T  T   . Let w t 	 00 1 0
Ž .for t T . If  lim w t , then 	  0. Suppose that  1 t
Ž . Ž . 0. Hence lim z t exists. We claim that y t is bounded. If not, thent
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 4  . Ž .there exists a sequence t  T , such that t   and y t   asn 1 n n
Ž .n . Hence for every M 0 there exists N  0 such that y t M1 n
Ž . Ž .for nN . Since y t is continuous, there exists   0 such that y t M1 n
Ž .for t t   , t   and nN and lim inf   0. Hence  n n n n 1 n n n
 4 0 for nN . Choose Nmax N , N such that t  T . Integrating2 1 2 N 1
Ž .7 we get
t
Q s G y s  ds w t      w t 	w t .Ž . Ž . Ž . Ž . Ž .Ž .H N N
t  N N
Thus

8 Q t G y t  dt .Ž . Ž . Ž .Ž .H
t  N N
On the other hand

Q t G y t  dtŽ . Ž .Ž .H
t  N N

t i i Q t G y t  dtŽ . Ž .Ž .Ý H
ti iiN1

t i iG M Q t dtŽ . Ž .Ý H
ti iiN1

t iG M Q t dtŽ . Ž .Ý H
tiiN1
implies that

Q t G y t  dt Ž . Ž .Ž .H
t  N N
Ž . Ž . Ž .by H , which contradicts 8 . Hence our claim holds. If lim inf y t 3 t
Ž .0, then y t   0 for t T  T . Hence2 1
 
Q t G y t  dtG  Q t dt Ž . Ž . Ž . Ž .Ž .H H
T  T 2 2
Ž . Ž . Ž .because H implies H . However, 7 yields3 2
t
Q s G y s  ds w T    w t 	w t .Ž . Ž . Ž . Ž . Ž .Ž .H 2
T 2
NEUTRAL DIFFERENTIAL EQUATIONS 533
Then

Q t G y t  dt ,Ž . Ž .Ž .H
T 2
Ž .a contradiction. Thus lim inf y t  0. From Lemma 2.1 it follows thatt
Ž .lim z t  0. Hencet
0 lim inf z t  lim inf y t  p t y t Ž . Ž . Ž . Ž .
t t
	 lim inf y t  p y t Ž . Ž .5
t
	 lim sup y t  lim inf p y t Ž . Ž .5
tt
 lim sup y t  p lim sup y t Ž . Ž .5
t t
 1 p lim sup y tŽ . Ž .5
t
Ž . Ž .implies that lim sup y t 	 0 because p  1. Then lim sup y t t 5 t
Ž . Ž .0. Consequently, lim y t  0. If , then lim z t . Ast t
Ž . Ž . Ž . Ž . Ž .z t p t y t  p y t  for t T , then lim y t  .6 1 t
Ž . Ž .Suppose that w t  0 for t T . Then lim w t exists and hence1 t
Ž . Ž .lim z t exists. Proceeding as above one may show that y t is boundedt
Ž . Ž .and lim inf y t  0. Hence lim z t  0 by Lemma 2.1. This im-t t
Ž . Ž . Ž .plies as above that lim sup y t  0. Hence lim y t  0. If y t  0t t
Ž .for t T , then one may proceed as above to obtain lim y t  0 or0 t
Ž .lim y t . Thus the theorem is proved.t
Ž .Remark. In following two examples, H holds. It seems that it is2
Ž .possible to establish Theorem 2.5 with weaker condition H .2
EXAMPLE. Consider
  2 t  ty t  py t   e e  pe  1 y t   e , t 0,Ž . Ž . Ž .Ž . Ž .
 Ž . twhere  0,  0, and p e . Clearly, F t e  0 as t  and
Q t  e e2 t  pe 1Ž . Ž .
 e pe 1  0Ž .
 4 Ž .for every sequence   0, and 
 0,i
 
i  Q t dt e pe  1 2
 .Ž . Ž .Ý ÝH

ii0 i0
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From Theorem 2.5 it follows that every nonoscillatory unbounded solution
Ž . tof the equation tends to  as t . We may note that y t  e is a
positive solution of the equation which   as t .
Ž . tEXAMPLE. Clearly y t  e is a positive solution of the equation
1 1 2 t  tŽ Ž . Ž . Ž .. Ž Ž . . Ž .y t  p 2 y t   e e  p 2 e  1 y t   e ,t t
 Ž .t 1, where p 1,  0 such that 2 p e and  0. Since F t 
1t Ž .e  0 as t , 1 2 p p 2 	 3 p andt
1
 2 t Q t  e e  p 2 e  1Ž . ž /ž /t
 e 2 pe 1  0,Ž .
then all the conditions of Theorem 2.5 are satisfied. Hence every nonoscil-
latory solution of the equation tends to  as t .
Ž .THEOREM 2.6. Let 1p 	 p t 	 0 and G satisfy the Lipschitz2
 
 Ž .condition on interals of the type a, b , 0 a b. If eery solution of 1
Ž .oscillates or tends to zero as t , then H holds.2
Proof. If possible, let

Q t dt .Ž .H
0
Ž .In the following, we show that 1 admits a positive solution which does not
tend to zero as t  when the limit exists. Let K be the Lipschitz1
Ž . 
  Ž .4constant of G on 1 p 10, 1 and Kmax K , G 1 . It is possible to2 1
choose t  0 such that1
 1 p2
K Q t dt .Ž .H 5t1
Ž .  Ž .  ŽLet M lim F t . There exists t  t such that F t M  1t 2 1
.p 10 for t t . Let2 2
1 p2
X u BC t , , R : 	 u t 	 1 .. Ž .Ž .2½ 510
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Ž .   Ž . Ž .  4 Ž .For u,   X, we define d u,   sup u t  t : t t . Hence X, d2
is a complete metric space. Let T : X X be defined by
  
Ty t  r , t t , t  rŽ .2 2 2
1 4 p2
p t y t  Ž . Ž .
5Ty t Ž .

 Q s G y s  dsŽ . Ž .Ž .H
t  F t M , t t  r ,Ž .Ž . 2
 4  .where rmax  ,  . For y X, Ty is continuous on t , with2
1 4 p 1 p2 2
Ty t 	 G 1 Q s dsŽ . Ž . Ž .H5 10t
1 4 p 1 p 1 p2 2 2	    1
5 5 10
and
1 4 p 1 p 1 p2 2 2
Ty t p    .Ž . 2 5 10 10
Ž .Thus Ty X for every y X. Further, for u,   X, d Tu, T 
  Ž . Ž .  4  Ž . Ž .   Ž . Ž . sup Tu t  T t : t t and Tu t  T t  Tu t  r  T t  r2 2 2
 
for t t , t  r and for t t  r,2 2 2
Tu t  T t 	 p t u t   t Ž . Ž . Ž . Ž . Ž .

 K Q s u s   s  dsŽ . Ž . Ž .H1
t

	 p d u ,   K d u ,  Q s dsŽ . Ž . Ž .H2 1
t
1 p2	 p  d u ,  .Ž .2ž /5
Hence
d Tu , T 	 	d u ,  ,Ž . Ž .
Ž .where 	 p  1 p 5 1. Thus T is a contraction. Consequently, T2 2
Ž .has a fixed point y  X. Clearly, y is a positive solution of Eq. 1 on0 0
 . Ž .t  r, such that lim y t  0 if the limit exists. Hence the theo-2 t 0
rem is proved.
PARHI AND RATH536
Ž . Ž .COROLLARY 2.7. Let 1p 	 p t 	 0, H hold, and G satisfy2 1
 
the Lipschitz condition on interals of the type a, b , 0 a b. Then eery
Ž . Ž .solution of 1 oscillates or tends to zero if and only if H holds.2
This follows from Theorems 2.3 and 2.6.
Ž . 2 Ž .THEOREM 2.8. Let p 	 p t 	p 1, where p  p , H4 3 4 3 1
 
holds, and G satisfy the Lipschitz condition on interals of the type a, b ,
Ž .0 a b. If eery solution of 1 oscillates or tends to zero as t , then
Ž .H holds.2
Proof. We assume that

Q t dt .Ž .H
0
Hence there exists t  0 such that1
 p  13
K Q t dt ,Ž .H 2t1
 4  
where Kmax K , K , K is Lipschitz constant of G on a, b , K 1 2 1 2
Ž .G b ,
2 p2  p  p p  p2  2Ž . Ž .3 4 4 3 3
a 22 p p3 4
p  1  p p  p2  2Ž .3 4 3 3
b ,   0.2p 2 p  pŽ .3 3 4
It may be easily verified that b a 0, since 0 p 	 p and p  p2. It3 4 4 3
 Ž .  Ž .is possible to find t  t such that F t M  p  1 2 for t t ,2 1 3 2
Ž .where M lim F t . We taket
X u BC t , , R : a	 u t 	 b. Ž . 4Ž .2
and define T : X X by
  
Ty t  r , t t , t  rŽ .2 2 2
1
y t Ž .
p t Ž .
 1Ty t Ž .  Q s G y s  dsŽ . Ž .Ž .Hp t Ž . t
F t  M Ž .
  , t t  r .2 p t  p t Ž . Ž .
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For y X,
G b F t  M Ž . Ž .
Ty t  Q s ds Ž . Ž .Hp t  p t  p t Ž . Ž . Ž .t
1 p  1 p  13 3
     b
p 2 23
and
b p  1 3
Ty t   Ž .
p t  2 p t  p t Ž . Ž . Ž .
1 p  1 3
 b ž /p 2 p3 4
2p  p 2b p  1Ž .3 4 3  a,
2 p p3 4
for t t  r. Hence Ty X for y X. Clearly,2
d Tu , T 	 	d u , Ž . Ž .
Ž .for u,   X, where 0 	 1p  p  1 2 p  1. Thus T has a3 3 3
fixed point y  X. Since, for t t  r,0 2

p t  y t  y t   Q s G y s  dsŽ . Ž . Ž . Ž . Ž .Ž .H0 0 0
t
 F t  M  ,Ž .Ž .
Ž .  
 Ž .then y is a positive solution of 1 on t  r, such that lim inf y t0 2 t 0
 a 0. This completes the proof of the theorem.
Ž . 2 Ž .COROLLARY 2.9. Let p 	 p t 	p 1, p  p , H hold,4 3 4 3 1
 
and G satisfy the Lipschitz condition on interals of the form a, b , 0 a b.
Ž .Then eery solution of 1 oscillates or tends to zero as t  if and only if
Ž .H holds.2
This follows from Theorems 2.3 and 2.8.
Ž . Ž .THEOREM 2.10. Suppose that 1 p 	 p t 	 p , H holds, and G5 6 1
 
satisfies the Lipschitz condition on interals of the form a, b , 0 a b. If
Ž .eery solution of 1 oscillates or tends to zero or tends to  as t , then
Ž .H holds.2
The proof is similar to that of Theorem 2.8 and hence is omitted.
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Ž .THEOREM 2.11. Suppose that p	 p t 	 0, where p 0 is a con-
stant. If
H lim inf F t  and lim sup F t ,Ž . Ž . Ž .4
t t
Ž .then eery solution of 1 oscillates.
Ž . Ž .  .Proof. Let y t be a nonoscillatory solution of 1 on T , , T  0.y y
Ž . Ž . Ž .Hence y t  0 or  0 for t t  T . Setting z t as in 3 , we get0 y
9 z t  F t Q t G y t  .Ž . Ž . Ž . Ž . Ž .Ž .
Ž . Ž .  Ž . Ž .
Let y t  0 for t t . Then z t  0 and z t  F t 	 0 for t t 0 0
Ž . Ž . Ž .  . Hence z t  F t  0 or 	 0 for t t  t    . If z t 1 0
Ž . Ž . Ž .F t 	 0 for t t , then lim inf F t  0, a contradiction. If z t 1 t
Ž . Ž Ž . Ž ..F t  0 for t t , then lim z t  F t exists. Writing1 t
10 z t  z t  F t  F t ,Ž . Ž . Ž . Ž . Ž .Ž .
we notice that
0	 lim inf z t 	 lim sup z t  F t  lim inf F tŽ . Ž . Ž . Ž .Ž .
t tt
 lim z t  F t  lim inf F tŽ . Ž . Ž .Ž .
t t
,
Ž . Ž .  Ž . Ž .
a contradiction. Hence y t  0 for t t . From 9 we get z t  F t0
Ž . Ž . Ž . 0 for t t   and 3 yields z t  0 for t t   . Thus z t 0 0
Ž . Ž . Ž .F t 	 0 or  0 for t t  t    . However, z t  F t  0 for1 0
Ž . Ž . Ž .t t implies that lim sup F t 	 0, a contradiction. If z t  F t 	 01 t
Ž Ž . Ž .. Ž .for t t , then lim z t  F t exists as t . From 10 one may obtain1
0 lim sup z t  lim inf z t  F t  lim sup F t ,Ž . Ž . Ž . Ž .Ž .
tt t
Ž .a contradiction. Hence y t is oscillatory. This completes the proof of the
theorem.
3
Ž .We study Eq. 2 in this section. It seems that not much work is done on
this equation.
Ž . Ž . Ž .THEOREM 3.1. Suppose that 0	 p t 	 p  1 and H and H1 1 2
Ž .hold. Then eery solution of 2 oscillates or tends to zero or tends to 
as t .
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Ž . Ž .  .Proof. Let y t be a nonoscillatory solution of 2 on T , , T  0.y y
Ž .Hence there exists a T  T such that y t  0 or  0 for t T . We set0 y 0
Ž . Ž . Ž . Ž .z t and w t as in 3 and 4 , respectively, for t T    to obtain0
11 w t Q t G y t  .Ž . Ž . Ž . Ž .Ž .
Ž . Ž . Ž .Let y t  0 for t T . Hence 11 yields w t  0 for t T    .0 0
Ž . Ž .Then w t  0 or 	 0 for t T  T . Let w t  0 for t T . If1 0 1
Ž . Ž . lim w t , then 0 	 . Let 0  . Then lim z t exists.t t
Ž . Ž . Ž .If lim inf y t  0, then y t   0 for t T  T . Hence Ht 2 1 2
implies that
 
Q t G y t  dtG  Q t dt .Ž . Ž . Ž . Ž .Ž .H H
T  T 2 2
Ž .However, 5 yields

Q t G y t  dt	  ,Ž . Ž .Ž .H
T 2
Ž . Ž .a contradiction. Thus lim inf y t  0 and hence lim z t  0 byt t
Ž .Lemma 2.1. We claim that y t is bounded. If not, then there exists a
² :  . Ž .sequence t  T , such that t   and y t   as n  andn 1 n n
y t max y t : T 	 t	 t . 4Ž . Ž .n 1 n
Hence
w t  y t  p t y t    F tŽ . Ž . Ž . Ž . Ž .n n n n n
 1 p y t  F tŽ . Ž . Ž .1 n n
Ž .implies that lim w t  , a contradiction. Hence the claim holds.n n
Ž .From 3 it follows that
0 lim sup z t  lim sup y t  p y t Ž . Ž . Ž .1
t t
 lim sup y t  lim inf p y t Ž . Ž .Ž .1
tt
 1 p lim sup y t  0.Ž . Ž .1
t
Ž . Ž .Hence lim sup y t  0. Thus lim y t  0. If , thent t
Ž . Ž . Ž . Ž .lim z t  and hence z t 	 y t implies that lim y t .t t
Ž . Ž .If w t 	 0 for t T , then lim w t exists. Proceeding as above we1 t
Ž . Ž .show that lim y t  0. If y t  0 for t T , a similar considerationt 0
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Ž . Ž .implies that lim y t  0 or lim y t . Thus the theorem ist t
proved.
COROLLARY 3.2. Suppose that the conditions of Theorem 3.1 are satis-
Ž .fied. Then eery bounded solution of 2 oscillates or tends to zero as t .
The following examples illustrate Theorem 3.1:
Ž Ž . t Ž .. Ž .Ex. y t  e y t 1  ey t 1  0, t 1, admits a positive
Ž . tsolution y t  e which   as t .
Ž Ž . t Ž .. Ž . Ž .Ex. y t  e y t 1  2 y t 1  f t , t 1, admits a positive
Ž . tsolution y t  e which  0 as t  where
f t  2 e2 t1  et  2 et1 .Ž .
Ž . Ž .THEOREM 3.3. Let 0	 p t 	 p  1, H hold, and G satisfy the1 1
 
Lipschitz condition on interals of the form a, b , 0 a b . If eery
Ž . Ž .solution of 2 oscillates or tends to zero or tends to  as t , then H 2
holds.
The proof is similar to that of Theorem 2.6 and hence is omitted.
Ž . Ž .THEOREM 3.4. Let either 1p 	 p t 	 0 or p 	 p t 	p2 4 3
Ž . Ž . Ž . Ž .1. If H and H hold, then eery solution y t of 2 oscillates or1 2
 Ž . tends to zero as t  or lim sup y t  .t
One may proceed as in the proof of Theorem 3.1 to arrive at the
conclusion.
Ž . Ž . Ž .THEOREM 3.5. Let 1 p 	 p t 	 p and H and H hold. Then5 6 1 3
Ž .eery solution of 2 oscillates or tends to zero or tends to  as t .
Ž . Ž . Ž .Proof. Let y t be a nonoscillatory solution of 2 . Hence y t  0 or
Ž . Ž . Ž . Ž . 0 for t T  0. Setting z t and w t as in 3 and 4 , respectively,0
Ž . Ž . Ž .one may get 11 . Let y t  0 for t T . Then w t  0 for large t by0
Ž . Ž . Ž .11 . If w t  0 for t T  T , then 0 lim w t 	 . Suppose that1 0 t
Ž . Ž .0 lim w t  . Then lim z t exists. We may proceed as in thet t
Ž . Ž .proof of Theorem 3.1 to show that lim inf y t  0. Hence lim z tt t
Ž . Ž . 0 by Lemma 2.1. Using H we may prove that y t is bounded as in3
the proof of Theorem 2.5. Then
0 lim inf z t 	 lim inf y t  p y t Ž . Ž . Ž .5
t t
	 lim sup y t  lim inf p y t Ž . Ž .Ž .5
tt
	 1 p lim sup y tŽ . Ž .5
t
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Ž . Ž .implies that lim sup y t  0 because p  1. Hence lim y t  0.t 5 t
Ž . Ž . Ž . Ž .If lim w t , then lim z t . Consequently, z t 	 y tt t
Ž . Ž . Ž .implies that lim y t . If w t 	 0 for large t, then lim w tt t
Ž . Ž .exists and hence lim y t  0. If y t  0 for t T , then the abovet 0
Ž .process is repeated to show that lim y t  0 or . Hence the prooft
of the theorem is complete.
Remark. As in Theorem 3.3, it is possible to show that the condition
Ž . Ž . Ž .H is necessary for the cases 1p 	 p t 	 0, p 	 p t 	p2 2 4 3
Ž .1, and 1 p 	 p t 	 p .5 6
Ž . Ž .THEOREM 3.6. Let p	 p t 	 0, where p 0 is a constant. If H 4
Ž .holds, then eery bounded solution of 2 oscillates.
The proof is similar to that of Theorem 2.11 and hence is omitted.
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